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1 Preliminaries

1.1 Trigonometry

Definitions
sinx 1 1 cosT
tanx = secxr = CSCx = — cotr = —
cosT Ccos X sinx sinx
T —T xr —X
. e’ —e e’ +e
sinhg = ——— coshe = ———
2 2
Identities

sinz + cos®z =1
sin(a + ) = sinacos 8 + cos asin 3
sin(a — ) = sinacos 8 — cos asin 8
cos(a + 8

)

) = cosaccos B — sin asin 3
cos(a — B) = cosacos B + sin asin 3

)

sin(2z) = 2sinx cosx

cos(2x) = cos’x —sin®2 = 1 — 2sin®z = 2cos’ x — 1

1.2 Absolute values

Definition: The absolute value is a number’s distance from 0.

{x|:xif:v>0

|z] = —zif 2 <0
|ab| = al[b|
a < lal
Triangle inequality:
la+b| < |a| + [b]
1.3 Complex numbers
i imaginary number
|z| / r | absolute value / modulus
z conjugate
0 argument
it =1 z=a+bi =re" =r(cos(d) +i sin(h))

The absolute value or modulus of a complex number z = a + bi is defined as: |z| = Va2 + b2
Complex numbers follow the triangle inequality.

The conjugate of a complex number z = a + bi is defined as Z = a — @b

Re z is the real part of a complex number z, Im z is the imaginary part.

Euler’s Formula: .
e = cos(#) + i sin(h)

De Moivre’s Formula:

o= rnemﬂ



2 Limits

2.1 Definition

A function f has a limit L if for every e > 0 there is a § > 0 such that
if 0 <|z—al <§then [f(z)—L| <e
When proving using ¢/4, repeat the definition at the end of the proof.

A function can have at most 1 limit at any given point.
f has a fixed point at a € dom(f) if f(a) =a

[a,b] is a closed interval, which includes endpoints.
(a,b) is an open interval, which doesn’t include endpoints.

2.2 Limit theorems

The intermediate value theorem states that if f is a continuous function whose domain contains
the interval [a, b], then it takes on any given value between f(a) and f(b) at some point within the
interval.

If f(x) < g(z) when z is near a (except possibly at a) and the limits of f and g both exist
as ¢ approaches a, then lim f(z) < lim g(z).
T—ra T—a

The Squeeze Theorem states that if f(z) < g(z) < h(xz) when z is near a
(except possibly at a) and lim f(z) = lim h(z) = L, then lim g(z) = L.
z—a z—a r—a

2.3 Limit Laws

Limit Laws can only be used if the limit exists.
1. Sum Law: The limit of a sum is the sum of the limits.
2. Difference Law: 2. The limit of a difference is the difference of the limits.

3. Constant Multiple Law: The limit of a constant times a function is
the constant times the limit of the function.

4. Product Law: The limit of a product is the product of the limits.

5. Quotient Law: The limit of a quotient is the quotient of the limits
(provided that the limit of the denominator is not 0).

6. Power Law: lim[f(z)]" = [lim f(x)]"™ where n is a positive integer.
r—a T—ra

7. Root Law: lim {/f(z) = p/lim f(z)

r—a Tr—a

8 limec=c
r—a

9. imz=a
r—a

10. lim 2™ = a™ where n is a positive integer.
r—ra

11. lim ¥z = {/a where n is a positive integer.

r—a
(If n is even, we assume that a > 0.)



2.4 Direct substitution

Direct Substitution Property:
If f is a polynomial or a rational function and «a is in the domain of f , then:

lim f(z) = f(a)

T—a

When a is not in the domain of f we can use two different methods to calculate the limits with
preliminary algebra, factoring and conjugates.

Both methods have the goal of eliminating the part of the equation that makes the limit impossible
to calculate through direct substitution.

Example of calculating a limit by factoring:

) r? — 3x ) x(x —3) . x 3 3
lim —— = lim —————— = lim =" ==
e=322—2x—6 2-3(x—3)(x+2) 2-3(x+2) 3+2 5

The conjugate of a + b is a — b. Multiplying a + b with its conjugate gives a® — b2.

Some fractions with a + b as the numerator or denominator can by simplified by multiplying both
sides of the fraction with a — b.

Conjugates can be used to eliminate square roots or absolute values.

2.5 Some nice limits

. sin(h) )
1 =1 1
hli% h hli% h

2.6 L’Hopital’s rule

Also known as I'Hospital’s rule.
If lim f(z) = lim g(x) =0 or lim f(z) = lim g(z) = +oo then
r—c r—c Tr—cC

Tr—cC

3 Derivatives

3.1 Definition

The derivative of a real function f at a € dom(f) is:

f'(a) = lim f(@) — [(a) #(z) = lim fla+h) —f@)

r—a T—a h—0 h

1 n
e = lim (1 + >
n—oo n

f has a derivative at a € R iff f(z) = f(a) + Az + E(x)(x — a) so that A € R and lim E(z) =0

r—a

Definition of e:



3.2 Rules of differentiation

Suppose that f and g are functions such that a € dom(z) N dom(g)
Sum Rule

(f +9)(a) = f'(a) + ¢'(a)
Difference Rule
(f —9)(a) = f'(a) — ¢'(a)
Constant Multiple Rule
(cx f)(a) = c* f'(a)
Product Rule

Quotient Rule

Power Rule

d
d—(x") = na""! where n is a positive integer
T
Generalized Power Rule p
%(x”) =na" !

Chain Rule
Assume that g(a) € dom(f) and f'(g(a)) exists

[f(g(@))]'(x) = f'(9()) * g'(x)

dy dydu
dz  dudz
Basic Derivatives
(¢) =0 () =1

Exponential functions

(") =e” (@®) =a"xIna
Logarithmic functions
1 1
n(z)) = - 1 =
@y =1 (log,@) =
Trigonometric functions
1
sinz) = cosw cscx) = —cscxcotx sintz) = ———
(sin) (ese) it o) = L
1
cosz) = —sinx secr) = secwtanx cos 1z) = ——=x
(eos ) (sc2) foos™ 0 = -
1
t I _ 2 tz) = — 2 t -1\
(tanx)" = sec” x (cot x) csc” x (tan™" x) T2

3.3 Applications
The tangent line of f(z) at « = a has the formula
y=f(a)(x—a)+ f(a)

Given point (a,b):
y=fa)(x—a)+b

1
(csc™ta) = —

T2 —

1

(sec™tz) = >
Va2 —

1
t—l I _
(cot™ x) o2

¢ is a critical number (local min/max) of f if f’(¢) = 0 or f/(c) does not exist.

Closed Interval Method:

To find the absolute max/min of f over [a,b] we need to compare f(c) for ¢ critical, f(a) and f(b).



3.4 Mean Value Theorems

Rolle’s Theorem

If f is continuous in [a, b], is differentiable in (a,b) and f(a) = f(b),

then there exists a ¢ € (a,b) (a < ¢ < b) such that f'(c) = 0.

Fermat’s Theorem

If f has a local min/max at ¢ and f’(c) exists then f/(c) = 0.

Mean Value Theorem

If f is continuous in [a,b] and is differentiable in (a,b) then there exists a ¢ € (a, ) such that

f(e)= w or, equivalently f(b) — f(a) = f'(¢)(b — a)

Cauchy’s Mean Value Theorem

A curve that is not a function can be defined by (f(t),g(t)),a <t < b where f(¢) and g(t) are the
values of z and y respectively. If f and g are continuous in [a,b] and differentiable in (a,b) then
there is a ¢ € (a,b) such that

3.5 Methods of differentiation

Implicit differentiation:
1. Take % of both sides, use the chain rule and the fact that y is a function of .
2. Solve the resulting equation for 3’
3. Substitute the values of  and y.

Logarithmic differentiation:

1. Take natural logarithms of both sides of an equation y = f(z) and use the Laws of Logarithms
to expand the expression.

2. Differentiate implicitly with respect to x.

3. Solve the resulting equation for y’ and replace y by f(z).



4 Series

If ag,aq, ...a, are numbers and k is a dummy variable, then
n n
E ar =ag+ a1+ ...+ an Hak:ao*al*...*a
k=0

Sums of some finite series:

n(n+1) zn:nQZ n(n+ 1)(n + 2)

n =
2
1 k=1

M=

E
I

o0
The sum of the infinite series ) a; is defined as
i=0

n
S = lim S, = lim E a;
n— oo n— oo
i=0
Sum of a r € R geometric series

” 1—rn 1
k k

E A If |r| < 1, then g =T

k=0 i=0

Binomial Theorem if n € N

4.1 Taylor and Maclaurin Series

0 fln]
i k| —a)k Maclaurin Series: f(x) = Z ! k,(O) *

Taylor Series: f(x Z

" (a)
n!
Taylor Series can be used to calculate limits using the fact that the limit of a function is equal to

the limit of its Taylor series.

To calculate the n-th derivative of f(x), use the Taylor series and the fact that ¢, =

ex_iT_1+x+§+§+i+

1n(x):i )" x_l)n:(x_l)_(:E—21)2+($—31)3_(x—41)4
sin(z) g(_ )n(zgfi)!: %T*%T %*
cos(x) i(—l)“éi’;,: STy

The Taylor series of In(x) is centered at 1, the rest are centered at 0.



4.2 Convergent and divergent

N-—1

If > a, has alimit as N — oo, then we say that the infinite series Z a, is convergent.

n=0 n=0

N—1
Otherwise, the series is divergent. If > |a,| has a limit as N — oo, then we say that the infinite

n=0
series Z ap is absolutely convergent.

To prove that a series converges, provide an upper bound that also converges.
To prove that a series dlverg‘es provide a lower bound that also diverges.

Ratio Test Let S = Z a, and L = lim CEESTR

= n-soo lanl
e [ < 1 implies that S is absolutely convergent.
e [ > 1 implies that S is divergent.
e [ =1 implies nothing, the test is inconclusive.

oo}
Power series: Z ez

A power series is absolutely convergent if |z — a| < limn — oo |C"C+l|7

where the right side is the radius of convergence.

5 Integrals

5.1 Antiderivatives

F(z) is the antiderivative of f(z) if F'(x) = f(z)

If F(z) has a zero derivative over an interval I then F'(z) is constant for z € I.
If F(z) and G(x) are antiderivatives of f(z) then there is a constant C' such that F'(x)

Function Antiderivative | Function Antiderivative
cf(x) cF(z) | sinz —cos T
f(z)+g(x) F(z)+ G(z) | sec’x tanx
"+ 1
x"(n #£1) 1 sec x tan x secx
n
1 1
— Inlz| | —— sin" 'z
T 2] / 11_ 22
er e* — tan~ !z
. 1+
b* —— | coshz sinh x
Inb
CcoS T sinz | sinhx cosh x

=G(z)+C.



5.2 Methods of integration

Substitution Rule: If u = g(z) is a differentiable function whose range is an interval I and f is
continuous on I, then

[ #aong @) da = [ ) du

d
To replace the dx with du, you can use dx = d—xdu
U

When the integral contains Vax + b, use u = VVax + b

/ b
If ad — bc # 0, you can substitute { ar +
cx+d

Integration by Parts

/ﬂ@d@ﬂwzﬂ@mm—/mwﬁwwm

where g can be simplified by taking its derivative.
Let v = f(z) and v = g(x). Then, by the Substitution Rule:

/udv:uvf/vdu

Repeated integration by parts can lead a set of terms containing the integral, which can be set equal
to the integral and this equation can be solved for the integral.

Trigonometric integrals

When dealing with odd powers of trig functions, use the substitution method,

separate one of them and use sin?(z) 4 cos?(z) = 1.

When dealing with even powers of trig functions, use trig identities to rewrite the function
as a sum of trig functions without exponents.

With a combination of even and odd powers, use the method for odd powers.
Weierstrass substitution for integrating rational trig functions:

T 2 . 2u 1—u?
u = tan (7> der = —— du sinx = cosSy = ——
2 1+ u? 1+u 1+ u?

5.3 Partial fraction decomposition

P
/ qui where P and @) are polynomials of degree m and n respectively
U

If m > n use long division:

P(u) P*(u) .
=p(u) + where m”™ < n
o ~ " Q)
If m < n then we need to find the roots of @ and use them in the PFD.
Case 1: If ) has n distinct real roots uq, ua, ..., Uy,
P(u) P(u) A Ag A,

_ - + o+
Qu) bolu—u)(u—ug)...(u—u,) uw—ur u—us U — Up
where Ay, Ao, ..., A, are found by

1. multiplying both sides of the equation by the common denominator,
factoring out the powers of v and solving a system of linear equations

2. Heaviside’s cover-up method: take u = a where a is a root in the fraction containing Ay,
cover up v — a on the left side, then substitute u = a, Ay = right hand side

P(uy)
Q' (ug)

3. using derivatives: Ay =



Case 2: (Q has repeated roots

Roots of Q: uy,us, ..., u,
Multiplicity (amount of repetitions of a root): «ay,as,...,a, where the sum of all a is n
P(u) P(u)

= I’'m not writing this in BTEX

Q) bo(u—u1)™ (u— ) .. (u— uy)or
Special case: when r =1 and a1 =n
P(u) P(u) _ A Aio T Arn
Qu)  bo(u—u)” uwu—u (u—wu)? 7 (u—u)"

which is the Taylor polynomial of P(u) centered at u;

p(n—k)
Ay, = i)
bo (n — ]{7)'

Case 3: Not all roots of ) are real numbers

Every polynomial can be factorized into linear and unfactorizable quadratic roots
Bru+ Cy,

R These can be integrated by
u LU Ck

where the fractions for the quadratics are of the form

completing the square and using [arctan z| = T2

5.4 Definite Integrals

The definite integral (Riemann sum) of f(x) over [a,b] is

lim E f(zl)Ax Notation: / f(z)dx
n—o0
i=1 b

where &} € [x,_1, 2], a=29g<x1 <22 <...<Tp=>

h—
andAx:—a,xi:a—i—iAx:a—f—i(b—a),z':l,...,n
n n

Fundamental Theorem of Calculus: If f(x) is continuous over [a, b], then
x
g(x) = / f(t)dt is continuous over [a, b], differentiable over (a,b), and ¢'(z) = f(z)
a
If F(x) is an antiderivative of f(x), then / f(@)dx = F(a) — F(b)
b

Properties of indefinite integrals

|t [ ' fla)a | #az=o / e fla)de = cx / ' fla)a
[ v+ = [ s+ [ g [ e = [ sy [
If f(z) > 0 for a < z < b, then /abf(x)da: >0
If f(z) > g(x) for a <z < b, then /abf(as)dx > /abg(ac)dx

b b b
Ifmgf(x)SMforanSb,thenm(b—a):/ mdxg/ f(x)da:ﬁ/ Mdx=M(b—a)

10



5.5 Applications of integrals
b
Area between curves f(z) and g(z) with g(z) on top = / [9(x) — f(z)]dx

b—a/f

oo
Improper integrals: / f(z)dx = bhm f(z)dz
a — 00

a

Average value of a function f(x

Methods of numerical integration approximating / f(x)dx
a

1. Integrating the Taylor polynomial up to n
(n+1) ( d)

(n+1)!

2. Midpoint Rule:

using the Riemann sum where we take the value of f at the midpoint of each interval
K@ -a)

24n?

with error (x — ¢) where d is between z and c.

with error |Eys| <

3. Trapezoid Rule:

similar to the Riemann sum, but using trapezoids instead of rectangles

K —a)

with error |Er| < ————=
Brl < =5z

4. Simpson’s Rule:
fitting arcs of parabolas on every set of 2 intervals

b
Comparison Test: If f(z) < g(z) on an interval [a, ] then/ flx)dx </ g(z)dz

Arc length of a function on interval (a,b) can be approximated with a piecewise linear function
Exact arc length:

n b
L= Jin Y L= [ VIF @l
i=1 @

Volume of a solid of revolution:

n

b
V= nh_)rr;oZW[f(mf)]Qsz :/ 7lf(x)]*dx

i=1

Surface area of a solid of revolution:
A:nler;ozlAi:/ 2rf(x)+/1 2dx
1=

Probability Density Functions always have the properties 0 < f(z) and f f(z =1

11



6 Ordinary Differential Equations

A differential equation is an equation containing a function and its derivatives as unknowns.
Ordinary means that the function has only one variable.

The variable x is the independent variable, the function y is the dependent variable.

The solution to an ODE can be multiplied by any constant C.

This constant C' can be set by an initial condition which is some point (z,y) on the function.
An ansatz is an educated guess for the solution of an ODE.

6.1 First-order ODEs

Logistic equations stop increasing at a carrying capacity M:
P(t) M
/ — —_ =
P'(t) = kP(t) {1 U } P(t) M= P(0)
P(0)
Solving a first-order linear ODE ¢/'(x) + P(z)y(x) = Q(z):

1. If Q(z) = 0, then the equation is homogeneous.

e—kt _|_ 1

/

y/—f—Py:() %:—P ]n‘y|:_/P(a;)d$ y(x):ie—fp(x)dx

2. If Q(x) # 0, then the equation is inhomogeneous.
I(x) = el P& I(z)y'(z) + I(z)P(z)y(z) = I(z)Q(z)

where the left hand side is the derivative of a product. This leads to:
y(m) _ e—fP(w) dm/Q(x)efP(w)dx dx

where both integrals in the exponents have the same C

6.2 Second-order ODEs

d
Systems of coupled ODEs can be represented using a vector v of functions: %v = Mv

A system can be decoupled using substitution to reach a solvable 2nd-order ODE.
The set of solutions of the linear ODE 3" (z) + y(x) = 0 is a linear (vector) space.
The general solution of a 2nd-order ODE is a linear combination of functions.
Example: y"(x) = y(z) y(x) = Crcosx + Cysinx
The solution set of an nth-order ODE is of dimension n.
2nd-order ODEs can be solved using e"* as a guess and Fuler’s Formula.

eim + e—iz eiz _ e—i."c

COST = ———— sinz = — sinh(iz) = isinx cosh(ix) = cosx
i

Solution of a homogeneous 2nd-order ODE with constant coefficients ay” (x) + ¥’ (z) + cy(x) =0
y(x) =€ ar® + br 4+ ¢ = 0 (auxiliary equation)
In the quadratic formula, if A = /b2 — 4ac < 0, there are complex solutions.

1. A >0, 1,72 GR, T1 %TQ
y(z) = Cre™" + Coe™”

2. A=0,r,r R, 11 =719
y(x) = Cre™* 4 Cozxe™™®

3. A<O,T17T2€(C,T1 :E:a+ﬁz7a<07ﬁ>0
y(x) = e**(C cos B 4 Cy sin fx)

12



Inhomogeneous case: ay’(z) + V' (z) + cy(z) = G(z)
1. Solve the homogeneous equation ay” (z)+b'(z)+cy(z) = 0, where y,(z) is the general solution.
2. Try to find a particular solution y,(z) of the inhomogeneous equation:

(a) Guess some general y,(z) in the same form as G(x).
If G(x) contains a polynomial, y,(z) has the same degree.
If G(x) contains a trig function, y,(x) is a linear combination of sines and cosines.

(b) Substitute y,(x) and its derivatives into the ODE

(¢) Solve for constants using a system of linear equations.
3. Add the two solutions: y(z) = y.(z) + yp(x)

4. Match initial values.

13
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